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Abstract
In this paper, we study n-dimensional hypersurfaces with constant mth mean cur-
vature Hm in a unit sphere S
n+1(1) and prove that if the mth mean curvature Hm
takes value between
1
(tan pi
k
)m
and k
2−2
n
(k
2+m−2
n−m )
m−2
2 for 1 ≤ m ≤ n − 1 and any
integer k ≥ 2, then there exists at least one n-dimensional compact nontrivial em-
bedded hypersurface with constant Hm > 0 in S
n+1(1). When m = 1, our results
reduce to the results of Perdomo [12]; when m = 2 and m = 4, our results reduce
to the results of Cheng-Li-Wei [14].
2000 Mathematics Subject Classification: 58E12, 58E20, 53C42, 53C43.
Key words and phrases: constant mth mean curvature, embedded hypersurfaces.
1. Introduction
It is well known that Alexandrov [1] and Montiel-Ros [10] proved that the standard round
spheres are the only possible oriented compact embedded hypersurfaces with constant
mth mean curvature Hm in a Euclidean space R
n+1 , for m ≥ 1. For hypersurfaces in a
unit sphere Sn+1(1), standard round spheres and Clifford hypersurfaces Sl(a)× Sn−l(b),
1 ≤ l ≤ n − 1 are compact embedded hypersurfaces in Sn+1(1). Hence the following
problem is interesting (also see [2], [6], [14]):
Problem: Do there exist compact embedded hypersurfaces with constant mth mean cur-
vature Hm in S
n+1(1) other than the standard round spheres and Clifford hypersurfaces?
When m = 1, namely, when the mean curvature is constant, Ripoll [13] has proved the
existence of compact embedded hypersurfaces of S3(1) with constant mean curvature
(H 6= 0,±
√
3
3
) other than the standard round spheres and the Clifford hypersurfaces. For
general n, Perdomo [12] has proved
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Theorem 1.1 (Main Theorem of [12]). For any n ≥ 2 and any integer k ≥ 2, if
mean curvature H takes value between
1
(tan pi
k
)
and
(k2 − 2)√n− 1
n
√
k2 − 1 , then there exists
an n-dimensional compact nontrivial embedded hypersurface with constant mean curva-
ture H > 0 in Sn+1(1).
For m = 2, that is, when the scalar curvature is constant, Cheng, Li and Wei [14] has
proved
Theorem 1.2 ([14]). For any n ≥ 3 and any integer k ≥ 2, if H2 = R−n(n−1)n(n−1) takes value
between
1
(tan pi
k
)2
and
k2 − 2
n
, then there exists an n-dimensional compact nontrivial em-
bedded hypersurface M with constant 2-th mean curvature H2 > 0 (i.e. scalar curvature
R > n(n− 1)) in Sn+1(1), where R is the scalar curvature of M .
For m = 4, Cheng, Li and Wei [14] has proved
Theorem 1.3 ([14]). For any n ≥ 5 and any integer k ≥ 3, if 4th mean curvature H4
takes value between
1
(tan pi
k
)4
and
k4 − 4
n(n− 4) , then there exists an n-dimensional compact
nontrivial embedded hypersurface with constant H4 > 0 in S
n+1(1).
For general 1 ≤ m ≤ n − 1, we will prove that there exist many compact nontrivial
embedded hypersurfaces with constant mth mean curvature Hm > 0 in S
n+1(1), for 1 ≤
m ≤ n− 1. In fact, we prove
Theorem 1.4. For 1 ≤ m ≤ n − 1 and any integer k ≥ 2, if mth mean curvature
Hm takes value between
1
(tan pi
k
)m
and
k2 − 2
n
(
k2 +m− 2
n−m
)m−2
2
, then there exists at least
one n-dimensional compact nontrivial embedded hypersurface with constant Hm > 0 in
Sn+1(1).
Remark 1.1. For m = 1, Theorem 1.4 reduces to the conclusion of Perdomo [12]. For
m = 2, m = 4, Theorem 1.4 reduces to the results of Cheng-Li-Wei [14].
2. Proof of Theorem
Using the same notations as those of [14], we can have
(g
′
)2 = q(g), where q(v) = C − v2(v−n +Hm) 2m − v2, (2.1)
q
′
(v)
= 2v
{
−(v−n +Hm) 2m + n
m
v−n(v−n +Hm)
2−m
m − 1
}
= −2v
{
(v−n +Hm)
2−m
m
[
m− n
m
v−n +Hm
]
+ 1
}
,
(2.2)
2
and
q
′′
(v)
= −2(v
−n +Hm)
2−2m
m
m2
{
(2n2 − 3nm+m2)v−2n +m(n2 − 3n+ 2m)Hmv−n +m2H2m
}
− 2
< −2.
(2.3)
From (2.3), one obtains that q
′
(v) is a decreasing function of v in [0,+∞). From (2.2),
one has q
′
(v) > 0 if v → 0; q′(v) < 0 if v →∞. Hence there exists 0 < v0 <∞ such that
q
′
(v0) = 0. Moreover, the function q(v) is a monotone increasing function of v in (0, v0]
and decreasing function of v in [v0,+∞). Hence, for some value of C, the function q has
two positive roots t1 and t2, such that t1 ≤ t2, q(t1) = q(t2) = 0 and q(t) > 0 if t ∈ (t1, t2).
From the results of section 4 of [14], we have
P (Hm, n, C) = 2
∫ T
2
0
r(s)λ(s)
1− r2(s)ds. (2.4)
Since r(s) = g(s)√
C
and λ(s) = (g(s)−n +Hm)
1
m , then it follows from (2.4) that
P (Hm, n, C) = 2
∫ T
2
0
√
Cg(s)(g(s)−n +Hm)
1
m
C − g2(s) ds. (2.5)
Doing the substitution t = g(s), putting c0 = C − q(v0), −2a = q′′(v0) and applying
Lemma 5.1 of [14], one concludes from g(0) = t1 and g(
T
2
) = t2 that
lim
C→c+
0
P (Hm, n, C)
=
2pi
√
c0√
a
√
c0 − v20
=
2mpi
(
(v−n0 +Hm)
2m−2
m + (v−n0 +Hm)
2m−4
m
) 1
2
(
(2n2 − 3mn +m2)v−2n0 +m(n2 − 3n+ 2m)Hmv−n0 +m2H2m +m2(v−n0 +Hm)
2m−2
m
) 1
2
.
(2.6)
Writing
F0 = (v
−n
0 +Hm)
1
m , (2.7)
then F0 > 0 and q
′
(v0) = 0 can be written as
Fm0 +
m
m− nF
m−2
0 +
n
m− nHm = 0. (2.8)
3
We next compute the the numerator and denominator of P (Hm, n, C) by using of (2.8).
By a direct calculation, we know
2mpi
(
(v−n0 +Hm)
2m−2
m + (v−n0 +Hm)
2m−4
m
) 1
2
= 2mpi
(
Fm−20
(
m
n−mF
m−2
0 +
n
n−mHm
)
+F 2m−40
) 1
2
= 2mpi
(
n
n−m
) 1
2
F
m−2
2
0
(
Fm−20 +Hm
) 1
2
,
(2.9)
(2n2 − 3mn+m2)v−2n0 +m(n2 − 3n+ 2m)Hmv−n0 +m2H2m
+m2(v−n0 +Hm)
2m−2
m
= (n−m)(2n−m)
(
v−n0 +Hm
)2
+n(−4n+mn + 3m)(v−n0 +Hm)Hm
+ n2(2−m)H2m +m2(v−n0 +Hm)
2m−2
m
= (n−m)(2n−m)
(
m
n−mF
m−2
0 +
n
n−mHm
)2
+ n(−4n +mn+ 3m)
(
m
n−mF
m−2
0 +
n
n−mHm
)
Hm + n
2(2−m)H2m
+m2Fm−20
(
m
n−mF
m−2
0 +
n
n−mHm
) 2m−2
m
=
m2n
n−m
(
Fm−20 +Hm
)(
2Fm−20 + nHm
)
.
(2.10)
According (2.6), (2.8), (2.9) and (2.10), we obtain
lim
C→c+
0
P (Hm, n, C)
=
2pi
√
c0√
a
√
c0 − v20
=
2mpi
(
(v−n0 +Hm)
2m−2
m + (v−n0 +Hm)
2m−4
m
) 1
2
(
(2n2 − 3mn +m2)v−2n0 +m(n2 − 3n+ 2m)Hmv−n0 +m2H2m +m2(v−n0 +Hm)
2m−2
m
) 1
2
= 2pi
(
Fm−20
(n−m)Fm0 − (m− 2)Fm−20
) 1
2
= 2pi
(
1
(n−m)F 20 − (m− 2)
) 1
2
,
(2.11)
4
and
F 20 >
m− 2
n−m. (2.12)
On the other hand, we know that
lim
C→∞
P (Hm, n, C) = 2 arctan
1
H
1
m
m
. (2.13)
Therefore, for any fixed Hm > 0, the function P (Hm, n, C) takes all the values between
A(Hm) = 2 arctan
1
H
1
m
m
, B(Hm) = 2pi
(
1
(n−m)F 20 − (m− 2)
) 1
2
. (2.14)
By a direct calculation, we obtain A(Hm) is a decreasing function of Hm. From (2.8) and
(2.12), it is not hard to prove F0 is an increasing function of Hm, then lim
C→c+
0
P (Hm, n, C)
is a decreasing function of Hm. Moreover, if 2pi
( 1
(n−m)F 20 − (m− 2)
) 1
2= 2pi
k
, then
F 20 =
k2 +m− 2
n−m , (2.15)
from (2.8), we obtain
Hm =
k2 − 2
n
(
k2 +m− 2
n−m
)m−2
2
, (2.16)
thus,
A
(
1
(tan pi
k
)m
)
= B
(
k2 − 2
n
(
k2 +m− 2
n−m
)m−2
2
)
=
2pi
k
, (2.17)
where k ≥ 2 is any integer, then we deduce that the number 2pi
k
lies between A(Hm)
and B(Hm). Hence, by the continuity of P (Hm, n, C), there exists some constant C1
such that P (Hm, n, C1) =
2pi
k
. If the period is 2pi
k
, then there exists a compact embedded
hypersurface with constnat Hm which is not isometric to a round sphere or a Clifford
hypersurface. We complete the proof of Theorem 1.4.
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